Abstract: Since its introduction to engineering applications, fuzzy logic has attracted many researchers because of its simplicity and robustness. Experience with a system is translated into heuristic rules which can be used to control that system. This article proposes a novel method for a generalized inverse dynamics based fuzzy logic controller (FLC) of a single-link flexible manipulator. The deflection of the flexible link was modeled using the assumed modes method. The control action is distributed between two FLCs: A joint angle controller and a tip controller. Each controller produces a torque value. The torque values are summed, and the resulting control action is used to drive the manipulator. A novel method for varying the ranges of the variables of the two controllers as a function of the motion parameters and the inverse dynamics of the system is presented. The relative shapes and distribution of the fuzzy membership sets (with respect to each other) are kept fixed. Simulation results show that joint trajectory tracking is accomplished, and that the residual vibration of the flexible link is suppressed.
INTRODUCTION
Lightweight mechanical structures are expected to improve the performance of robotic manipulators, which often have low payload-to-arm mass ratios. Such manipulators exhibit undesirable vibrations, however, which might severely limit their performance. Many researchers have used fuzzy logic to control flexible manipulators. Lin and Lee (1993) presented a control law for a flexible manipulator arm consisting of an FLC and a nonlinear effects negotiator. The nonlinear effects negotiator was used to enhance the controller's ability to deal with the model's uncertainties. An error response plane method was proposed for obtaining the fuzzy control rules. They estimated the optimal overlap of membership sets for the best performance of the manipulator. Arciniegas et al. (1993) implemented a controller for flexible manipulators by using a class of fuzzy inference rules. The fuzzy inference rules were shown to be structurally similar to those of neural networks consisting of a collection of locally tuned units. Moudgal et al. (1995) developed a fuzzy model reference-learning controller for a flexible manipulator by synthesizing a rule-base for a fuzzy controller and tuning it to adapt to payload variations. Yoo et al. (1996) used fuzzy logic to suppress vibrations of a flexible arm, using a linguistic model of the system. Lee and Vukovich (1998) developed a three-stage procedure for formulating expert knowledge into an FLC for a single-link flexible manipulator. The proposed procedure was implemented in an experimental setup. Kubica and Wang (1999) designed a fuzzy strategy for controling the rigid body and the first flexural mode of vibration in a single-link robotic arm by designing a separate controller for each. Park et al. (1999) used an FLC for the joint, combined with a voice coil type actuator using an H 2 control scheme, to create a controller for single-link flexible manipulators. Chen and Yin (1999) used the phase portrait plane to build rules based on mathematical reasoning, rather than the conventional trial and error method, which is dependent on the operator's experience. They introduced an adjustable weight parameter in construction of the control table. Trabia and Shi (2001) presented a distributed FLC that controls joint angle and link vibrations of flexible manipulators independently. They presented a Low Dimensionality Tuning Algorithm, for tuning the fuzzy controller by changing the membership sets of its variables using nonlinear programming. Surdhar and White (2002) developed a fuzzy controller for a rigid-flexible manipulator. They presented a fuzzy controller in which a parallel fuzzy supervisor is used to alter the derivative term of a classical linear PD controller, which is updated in relation to the measured tip error and tip error rate. Subudhi and Morris (2003) presented a non-collocated proportional derivative type fuzzy logic controller to control a single link flexible manipulator. To account for changing load values, they developed a neuro-fuzzy logic controller. Siddique and Tokhi (2002) developed a PD-PI-type fuzzy controller where the membership sets were adjusted by tuning the scaling factors using a neural network. They used a single neuron network with a nonlinear activation function to obtain a simple realizable network. Oke and Istefanopulos (2003) proposed an adaptive fuzzy controller with nonlinear correction term feedback to control the tip of a two-link flexible manipulator. They compared simulation results with those for a classical PD controller and a PD controller augmented by a nonlinear correction term feedback. Trabia and Shi (2003) proposed a fuzzy logic controller for a two-link rigid-flexible manipulator. The controller's structure is based on evaluating the importance degrees of the variables of the system over its range of operation. Lin and Lewis (2003) designed a two-time scale fuzzy logic controller for a single-flexible link robotic arm. The fast-subsystem controller was used to damp out the vibration of the flexible link through two hierarchical fuzzy logic controllers, while the slow subsystem fuzzy controller dominated the trajectory tracking. Chalhoub and Bazzi (2004) considered a macro-and micromanipulator system. They compared three controllers: An integral plus state feedback controller, a linear quadratic regulator with an integral action, and an FLC. They compared the performances based on ability to achieve zero steady-state error, vibration damping performance, ability to render the end-effector insensitive to arm vibration, and avoiding excessive control torque requirements. Green and Sasiadek (2004) presented control methods for end point tracking of a twolink manipulator. They modeled the manipulator using inverse dynamics and computed a linear quadratic regulator and fuzzy logic schemes actuated by a Jacobian transpose control law using dominant cantilever and pinned-pinned assumed modes frequencies. Tian and Collins (2004) proposed a fuzzy logic controller in the feedback configuration, and an efficient dynamic recurrent neural network (DRNN) in the feed forward configuration, to control a rigid-flexible manipulator. The DRNN is applied to approximate the inverse dynamics of the robotic manipulator. Based on the outputs of the FLC, parameter-updating equations were derived for the adaptive DRNN model. Sun et al. (2004) presented a neural network plus fuzzy PD controller for a flexible-link manipulator. They decomposed the model of the system into a slow subsystem of an equivalent rigid-link and a fast subsystem of flexible modes. They used an adaptive neural network controller to control the slow joint angle dynamics, while the fuzzy PD controller suppressed the fast tip deflection dynamics.
Jnefine and Andrews (2005) designed a fuzzy logic controller to dampen the end-point vibration in a single-link flexible manipulator. They used neural networks to predict the end-point deflection. Their work primarily discusses how to build the rule base of the fuzzy controller based on the relationship between the angular displacement of the hub and the end-point deflection. Shi and Trabia (2006) extended the controller they presented earlier (Trabia and Shi, 2003) for a single link flexible manipulator. The controller is based on evaluating the importance degrees of the output variables of the system. Moreover, the fuzzy membership sets of the controller were tuned using nonlinear programming.
Most of the research reviewed here proposed FLCs for a specific manipulator and/or set of motion parameters. Extensive retuning might be needed to apply the controller to a different manipulator and/or different motion parameters. Recently, Renno et al. (2004) , proposed an anti-swing FLC for an overhead crane during hoisting. The proposed controller used the inverse dynamics of the system, and the desired motion parameters, to determine the ranges of the variables of the controllers. It is of interest to explore the applicability of this technique to develop an FLC for a single-link flexible manipulator.
To this end, this manuscript presents a distributed FLC designed to control the joint angle and the vibration of the flexible link independently. The contribution of this work lies in a novel method for automatically changing the ranges of the variables of the FLCs based on the inverse dynamics of the system and its motion parameters. By utilizing the inverse dynamics of the flexible link, this manuscript fills a gap in the literature treating the fuzzy control of flexible manipulators.
The rest of this manuscript is arranged as follows: Section 2 presents a model for the dynamics of the flexible link. The FLC is developed in Section 3. Section 4 presents a case study and simulation results. Finally, conclusions for this work are drawn in Section 5.
FLEXIBLE LINK DYNAMIC MODEL
There are two main approaches for modeling the deformation of flexible links. The first approach is the assumed modes method (Meirovitch, 1967) , where the deflection of the structure is represented using a series of separable functions. The other approach is the finite elements method (Kwon and Bank, 1997) , where the structure is represented by a sequence of elements. In this work, the assumed modes method is used to represent the deformation of the flexible link1 see Figure 1 .
The configuration of the flexible manipulator can be described by its joint angle 16t7, and the elastic modal amplitudes q i 6t7 where i 3 18 4 4 4 8 m. The elastic deformation 26x8 t7 of the flexible link at a distance x from the joint can be expressed as the sum of the appropriate basis functions, 3 i 6x7 multiplied by the modal coordinates q i 6t7, that is: It is assumed that the number of elastic modes, m, is sufficient to obtain a good approximation of the elastic deformation of a clamped-tip mass beam. The equations of motion of the flexible manipulator can be derived using the method of DeLuca and Siciliano (1991) as
where y 3 61 8 Q T 7 T 8 9 m61 is the generalized coordinate vector, B 3 618 0 1m 7 T is the input matrix, and 4 is the joint torque. The inertial coordinate system (X ,Y ) of the flexible manipulator of Figure 1 is assigned such that G6y7 3 60 16m617 7
T when y 3 60 16m617 7 T . The joint angle 1 has no elasticity associated with it, and hence K 1 3 0. The matrix M6Q7 is the positive definite symmetric inertia matrix. Notice that the matrices M6Q7, H 6Q8 7 y7, and K 6Q7 are independent of the joint angle 1 , since the system consists of one link only. The 66m 6 17 17 vector H 6Q8 7 y7 7 y 6 K 6Q7 6 G6y7 includes the Coriolis, centrifugal, elastic deformation, and gravitational forces.
DEVELOPMENT OF THE FLC
Designing a single controller for a flexible manipulator is a demanding task. To simplify the controller design, the control action is distributed between two controllers as shown in Figure 2 . These two controllers can be described as follows:
1. Joint Angle FLC (JAFLC) whose inputs are the errors in the joint angular displacement and the joint angular velocity with respect to desired values (e 1 and e d1 , respectively). The output of the JAFLC is the joint angle torque 4 1 . 2. Tip FLC (TFLC) whose inputs are the errors in the tip deflection and the tip deflection velocity with respect to desired values (e T ip and e dT i p , respectively). The output of the TFLC is the tip torque 4 T i p .
The outputs of the JAFLC and TFLC, 4 1 and 4 T ip are added to give the value of 4 used to drive the manipulator. Both controllers use seven membership sets (negative big (NB), negative medium (NM), negative small (NS), zero (Z), positive small (PS), positive medium (PM), and positive big (PB)) to describe their inputs and outputs. 
Design of Controllers
Fuzzy rules are derived based on observation of the behavior of a single-link flexible manipulator. Gaussian membership sets, in the form
(where 6x7 is the degree of truthfulness, and c and are the mean and standard deviation of the Gaussian membership set), are used to describe the membership sets of all the fuzzy variables. The center of gravity method (Langari and Yen, 1999 ) is used for defuzzification.
Design of the JAFLC
The rules of the JAFLC controller are based on observation of the behavior of a PD controller for inertial systems. The rules of the JAFLC, shown in table 1, are selected to avoid overshoot or lagging with respect to a desired joint angle trajectory (see Trabia and Shi, 2001 
where J AF LC8k and J AF LC8k are design parameters controlling the standard deviations and means of the Gaussian membership sets of the k th variable. Figure 3 shows a typical distribution of the fuzzy membership sets for the variables of JAFLC.
These design parameters need to be set by the user to achieve best performance. Equations similar to equation (5) to (11) can be written for the negative membership sets, since the membership sets are symmetric about the zero value of each variable. Equations (5) to (11) imply that, for each variable, the mean of the PB membership set c P B defines the shape and distribution of the rest of the membership sets for that variable. The fuzzy rules and shapes of membership sets for the JAFLC mentioned above result in the control surface shown in Figure 4 .
Design of the TFLC
Extensive simulation showed that the behavior of the tip is less intuitive than that of the joint angle, and hence the design of the TFLC is more conservative. The rules for the TFLC (see table 2) are selected such that if the tip velocity is zero, i.e., the value of the tip velocity belongs to the Z membership set, the controller will produce no torque, i.e., 4 T ip also belongs to Z. Also, if the tip is approaching the correct position, the controller will, again, produce no torque (see Trabia and Shi, 2001 ). 
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The membership sets for all the variables are symmetric about the zero value of each variable. The membership sets of the k th variable (e T ip , e dT i p or 4 T i p ) of the TFLC are arranged as follows:
Similar equations can be written for the symmetric negative membership sets. Figure 5 shows a typical distribution of the membership sets for the inputs or output of the TFLC. A typical control surface for the TFLC, produced using the rules given in table 2 and the distribution and shaping specified by equations (12) to (18) is shown in Figure 6. 
Def ining the Ranges of the Controllers' Variables
As the previous section shows, the proposed controllers depend on the ranges of the inputs and output variables. Instead of leaving these ranges static or modifying them empirically, this work proposes a method of adjusting these ranges whenever there is a change in the physical parameters of the flexible link or the path.
For each of the two controllers, the ranges of the input variables are chosen as a function of the desired motion parameters. As stated earlier, the spacing of the membership sets is based on these ranges.
The proposed controller utilizes the inverse dynamics of the system, which will now be explored. The torque history required to produce a desired joint angle trajectory 1 D , and modal coordinates Q D , can be expressed as 
where y D , 7 y D and 5 y D are the desired time trajectories of the joint angle and the modal coordinates, their first time derivatives, and their second time derivatives, respectively. This torque value can be directly calculated using the inverse dynamics of the system, if the desired trajectories of the joint angle and tip deflection are provided. In this work, the desired joint trajectory is a bang-bang acceleration profile. The desired modal coordinates are identically zero, in order to produce no tip deflection.
At this point, a note regarding the relationship between the mean of the PB membership set and its center of gravity is in order. A value that corresponds to the center of gravity of the PB membership set, CG P B , can be used to determine the mean of the PB membership set, c P B , as follows:
Which can be solved symbolically, yielding
Here, the scale R is given as R 3 2 2 2 (22)
Defining the Ranges of the Variables of the JAFLC
The ranges of the JAFLC are functions of the joint angular displacement and velocity. These are defined as
where e 1 and e d1 are design parameters controlling the ranges of the JAFLC input variables. With the means of the PB membership sets available, equations (5) to (11) can then be used to determine the means and standard deviations of the PM, PS, and Z membership sets. The negative membership sets are symmetric (about the zero value of the variable) to the positive membership sets. Careful study of the system showed that the following tip deflection values are acceptable:
Where t a is the desired acceleration time for the bang-bang profile and is a design parameter (0 1). Since the linear acceleration of the tip of the flexible link, expressed in the rotating coordinate system (x,y), is given by
equation (25) states that the maximum tip deflection acceleration allowed is a fraction of the rigid body motion induced by the rotating joint hub. The design parameter is chosen to achieve best performance, while the desired acceleration time, t a , is set at half the desired motion time. This profile will excite two tip deflections, in opposite directions. On the other hand, decreasing the value of places tighter bounds on the input variables of the TFLC, which in turn increases 4 T ip , causing the joint angle to overshoot. Consequently, the maximum modal coordinates can be obtained from
where 9 6 6l7 3 [ 2 96l79 T 6l7 3 1 96l7] is the pseudo-inverse of 96l71 see equation (1).
Since the center of gravity method is used for deffuzzification (see Section 3.1), the maximum value produced by the output torque of the JAFLC is the value of the center of gravity of the PB membership set. The center of gravity of the PB membership set of the output torque of JAFLC is calculated from (32) where
The mean of the PB membership set, c P B84 1 , can then be calculated using equation (21), with in equation (22) replaced by J AF LC84 1 . Again, with the mean of the PB membership set available, equations (5) to (11) can be used to determine the means and standard deviations of the rest of the membership sets. Moreover, notice that equation (32) involves 7 y max and 5 y max , not y max . Thus, the controller's output is independent of 1 , similar to the dynamics of the system itself, equation (2).
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Defining the Ranges of the Variables of the TFLC
The ranges of the TFLC are defined as c P B8e T ip 3 e T ip 2 max 6l7 (34)
where e T ip and e dT ip are design parameters controlling the ranges of the TFLC input variables. The mean of the PB membership set of the output torque of the TFLC can be calculated by first identifying the center of gravity of this set, using
The mean of the PB membership set, c P B84 T i p , can then be obtained using equation (21), with in equation (22) replaced by T F LC84 T ip . Examining the structure of the proposed FLC reveals that it is highly coupled. For example, consider the design parameter . The value of affects the range of the output of the JAFLC (equation (32)) on one hand, and on the other hand affects the range of the inputs and the output of the TFLC (equation (34)) through equation (36). The bang-bang time, t a , has a similar coupling effect. In the current work, these parameters were selected to achieve best performance of the system.
CASE STUDY
The controllers developed in Section 3 were applied to a single-link flexible manipulator with the following nominal specifications: It is worth noting here that the user has to select the values of the design parameters , , , and . This might seem to be a daunting task. However, once these values are selected, they provide an automatic method for changing the ranges of the variables of the FLCs developed in Section 3.1, avoiding the need to guess the acceptable ranges for these variables. Moreover, the controller thereafter achieves satisfactory joint trajectory tracking and vibration suppression for different flexible links. To evaluate the proposed controller, three simulation cases were tested. These are:
1. The manipulator operates in the horizontal plane. The joint moves from zero to 2 radians in two seconds, using a bang-bang acceleration profile. 2. The manipulator operates in the vertical plane. The joint moves from zero to 2 radians in two seconds, using a bang-bang acceleration profile. 3. The manipulator operates in the vertical plane. The joint angle moves from 6 to 23 radians in two seconds, using a bang-bang acceleration profile. The initial static deflection can be obtained by setting the time derivatives of y to zero in equation (3) and solving for Q and 4 . The deflection 26l7 can then be calculated using equation (1).
In cases 2 and 3, the gravity term corresponding to the joint angle G 1 is fed forward (see equation (2)). The gravity feed-forward is not shown in Figure 2 .
For each of the three cases above, the controller was simulated with a link of nominal length 1 m, and also a link of length 1.25 m. Each length value was then tested with three values of the flexural rigidity: E I 3 1, 15 and 2 Nm 2 . The performance of the controller was evaluated using four performance indices: Joint angle overshoot index (JAOI), joint angle steady state error index (JASSEI), tip deflection range (TDR), and tip deflection settling index (TDSI). These indices take the forms 
Tables 5 to 7 show the results of simulating the controller six times for each of the cases explained above. For each of the three cases, the results show that although the joint angle experiences some overshoot, the steady state error is negligible. The joint overshoot decreases as the flexural rigidity of the link increases. This is to be expected, as the increase in flexural rigidity causes an increase in the stiffness of the structure, and the reduced overshoot follows logically. Moreover, the tip deflection settling index, TDSI, decreases as the flexural rigidity increases, for all three cases. The tip deflection range also decreases as the flexural rigidity increases for all three cases. Again, as the flexural rigidity increases, the stiffness of the link increases, and hence the restoring force within the link increases. This causes the link to settle faster, decreasing the TDSI. Examining tables 5 to 7 shows that the JAOI and TDR values exhibit some change as the length and flexural rigidity are varied. Although the ranges of the fuzzy variables are changed for each case (as explained in Section 3.1), the design parameters in this work were selected to achieve best performance. The values for the design parameters presented in Table 3 are not the optimal values for all of the cases considered.
Figures 7 to 9 show the motion and torque time histories of the flexible manipulator for case 1 with l 3 1 m and E I 3 2 Nm 2 . The tip deflection settles to within 0.1 cm in about 2.8 s. The tip deflection goes through two main stages, corresponding to the bang-bang acceleration profile followed by the joint. This is due to the strong coupling between the modal coordinates and the joint angle. The torque generated through the JAFLC clearly corresponds to the bang-bang acceleration profile followed by the joint. The controller tracks the desired joint trajectory satisfactorily, while suppressing the flexible link's vibration.
CONCLUSIONS
This article presents a novel method for calculating the ranges of the variables of a distributed fuzzy logic controller for a single-link flexible manipulator. The action is distributed between two controllers:
1. The Joint Angle Fuzzy Logic Controller (JAFLC), whose inputs are the joint angle and joint angular velocity errors and whose output is a joint angle torque, 4 1 . 2. The Tip Fuzzy Logic Controller (TFLC) whose inputs are the errors in the deflection and rate of deflection of the tip, and whose output is a tip torque, 4 T ip .
The outputs of the two controllers are added, and the resultant is used to drive the manipulator.
This paper proposes a novel method for calculating the ranges of the input and output variables of the fuzzy logic controllers according to the systems characteristics and desired motion using the inverse dynamics of the system. The relative shapes and distribution of the fuzzy membership sets with respect to each other are maintained fixed. The proposed method avoids guessing acceptable ranges of the variables.
Three simulation scenarios were tested. For each scenario, six cases are simulated, using different lengths and flexural rigidity values of the flexible link. The results show that the proposed controller consistently produces acceptable joint trajectory tracking and vibration suppression. The proposed method can be further extended to other dynamic systems.
The values of the design parameters , , , and that control the shapes of the membership sets and the ranges of the fuzzy variables are selected to achieve best performance by simulation. In this work, the acceleration time of the bang-bang profile, t a , is also selected for best performance. Examination of the proposed FLC shows that it is highly coupled. Investigation of these coupling effects and the optimization of the design parameters, , , , and , is currently in progress.
